We investigate the influence of order-parameter fluctuations on the transition between normal and mixed superconducting states at low temperatures. We show that in the case of clean quasi-two-dimensional superconductors the transition can be described by the functional of the Ginzburg-Landau type. We consider the large-N generalization of this functional and using the lowest Landau-level approximation we get the large-N equations that describe the phase transition. In three dimensions we found that the transition is of the first order. The fluctuations significantly affect the temperature dependence of the upper critical field.
In the following we will consider the influence of the order-parameter fluctuations on the transition between normal and mixed superconducting states in pure superconductors. We argue that in case of clean quasi-two-dimensional superconductors, when the magnetic field is applied along the low-conducting direction, even at low temperatures, this transition can be investigated by the effective functional of the Ginzburg-Landau ͑GL͒ type that contains imaginary time because quantum fluctuations become important at low temperatures. Unfortunately, even having the effective functional one can hardly calculate the free energy exactly; that is typical for the critical phenomena problems. Therefore we modify the functional introducing n index to the fluctuating field and considering the large-N limit. One should be careful with the introduction of the n index into this functional because by doing that in an improper way one can get a model that does not have a solution in the form of the Abrikosov lattice. 6 Under the approximation when the mean-field solution and fluctuations belong to the lowest Landau level ͑which is valid near the phase transition͒ we get the equations that describe the phase transition.
We show that in high enough dimensions ͑either Tϭ0,d Ͼ4 or T 0,dϾ6) if the coupling constant is not too large the transition is of second order. In this case the corrections from fluctuations do not modify mean-field results essentially. In the physical case (dϭ3) the phase transition is always of first order and the fluctuations significantly affect the phase-transition line: the upper critical field increases as temperature decreases, and the curvature of this dependence is negative when the temperature is not too low ͑see, Figs. 4 and 5͒.
The paper is organized as follows: In Sec. II we describe the model. In Sec. III we derive the large-N equations describing the phase transition. In Sec. IV we analyze the phase transition from the side of the normal-state region. In Sec. V we simplify the large-N equations making the lowest Landau-level approximation. In Sec. VI we solve the large-N equations in the case of high dimensions. In Sec. VII we solve the large-N equations in the physical case. In Sec. VIII we discuss the spectrum of the order-parameter fluctuations. And we summarize our results in Sec. IX.
II. DESCRIPTION OF THE MODEL
To analyze the transition to the superconducting state one can usually use the GL functional. This functional is based on the expansion in the order parameter, so it is valid when the ratio of the order parameter and temperature ⌬/T is small. In the case when an external magnetic field close to H c2 is applied, one can still use the GL functional if ⌬/T Ӷ1, but at low temperatures the expansion in this parameter becomes not possible. On the other hand, the magnetic field produces the depairing effect, as temperature does, so one can try to expand in ⌬ because it is small compared with the magnetic field taken in the proper units. That was done in Ref. 7 and it was shown that the coefficient in the ͉͉ 4 term has a logarithmic singularity ln(1/T), which means that the expansion in ⌬ is not possible at zero temperature. The ap-pearance of this singularity can be easily understood physically. Indeed, if we consider a pair of electrons that move exactly parallel to the magnetic field, then the magnetic field does not affect them in the quasiclassical approximation. Therefore this singularity comes from the electrons moving parallel to the magnetic field or close to this direction because the magnetic field does not produce the depairing effect for these electrons. The direct calculation of the coefficient of ͉͉ 4 term shows that, indeed, the singularity comes from the momenta parallel to the magnetic field.
There is a way to avoid this problem if one considers quasi-two-dimensional superconductors. Indeed, if the magnetic field is applied along the low-conducting direction, then due to the quasi-two-dimensional band structure there are no momenta parallel to the magnetic field. In this case it is possible to expand in ⌬ and get a functional of GL type. Unfortunately, the functional that arises does not match exactly the form of the usual GL functional. The difference is that the ͉͉ 4 term becomes a nonlocal functional of fields with a range of ''interaction'' of the order of the magnetic length. 7 We hope that this difference is not crucial, and therefore we consider the model with a local ͉͉ 4 term. The Lagrangian density of this model is
͑1͒
where D ϭٌ Ϫ(ie*/c)A acts only in the x-y plane with the Abrikosov lattice, and ⑀ Ќ ϭp Ќ 2 /2m Ќ is the kinetic energy corresponding to the motion in the directions perpendicular to the x-y plane. In this Lagrangian is a function of coordinates and imaginary time because we want to consider the low-temperature quantum regime also. The operator ‫ץ͉‬ ͉ means that in the Matsubara space this operator becomes ͉͉. For the BCS model the coefficients in the Lagrangian ͑1͒ are
where ⑀ 0 is the energy of the lowest Landau level, i.e., the lowest eigenvalue of D 2 /2m, m e is the electron mass, H c2
is the critical field in the mean-field approximation, and k a ϭt ʈ /t Ќ is the anisotropy coefficient, which is the ratio of the in-plane electron hopping and the hopping in the direction perpendicular to the x-y planes.
To make our approach systematic we will modify this model introducing the n index and considering the large-N limit. The usual way to introduce the n index to the ͉͉ 4 term is **→ n * n m * m .
͑3͒
But it happens that the spectrum of fluctuations around the Abrikosov lattice is not positive definite in this case, i.e., the Abrikosov lattice is unstable. 6 ͑We will not consider the possibility of condensation into different n components as in Ref. 6 .͒ To understand the reason of this instability let us substitute ϭ 0 ϩ 1 , where 0 corresponds to the Abrikosov lattice and 1 represents fluctuations around it, into the 
where we wrote only the most interesting quadratic in the 1 part. The spectrum of fluctuations corresponding to Eq. ͑4͒ was considered by Eilenberger 8 and it was found that it is positive definite, i.e., the Abrikosov lattice is stable. It is important that following to the Eilenberger approach one can see that these are the off-diagonal terms in Eq. ͑4͒ that make the lattice stable. But for the ͉͉ 4 term defined by Eq. ͑3͒ in the large-N limit we have
so in this case we effectively drop out the off-diagonal terms and it leads to the unstable spectrum of fluctuations. Therefore we suggest the following modification of the model:
͑5͒
In the large-N limit for the ͉͉ 4 term now we have
which matches the form ͑4͒ after the redefinition m →i m , m *→Ϫi m * . It is important that the second term in Eq. ͑5͒ should have the negative sign because otherwise the fluctuations around the Abrikosov lattice are unstable ͑from the above simple argument one cannot see that it should be negative͒. So the Lagrangian density of the model that we will consider is
͑6͒
and the action and the partition function are
For simplicity, in the following we will neglect the fluctuations of the magnetic field because in the lowest Landaulevel approximation it gives just a renormalization of the u term; 8, 9 moreover, the high-T c superconductors are extremely type-II superconductors and therefore even this renormalization is not essential.
III. LARGE-N EQUATIONS
The interaction term in the Lagrangian ͑6͒ can be decoupled with the help of a real field and a complex one ⌬:
From the form of this Lagrangian it is evident that the meanfield value of should be imaginary; that is not a problem, because one can always shift the contour of integration over in the complex plane. Therefore we simply redefine → Ϫi because we will not consider the fluctuations of ⌬ and fields. Integrating over NϪ1 fields we get an effective Lagrangian:
Taking the variation with respect to ⌬,, 0 and neglecting fluctuations of the magnetic field we get the large-N equations
where V Ќ denotes the volume perpendicular to the planes with the Abrikosov lattice and the matrix Green's function G is defined by
IV. NORMAL STATE
At temperatures higher than the temperature of the Abrikosov transition we have 0 ϭ0,⌬ϭ0, and Eqs. ͑11͒ and ͑12͒ are reduced to
where the limit N→ϱ was taken. The Green's function in this case is
͑15͒
Under the approximation when the field belongs to the lowest Landau level we can substitute Ϫ(1/2m)D 2 ϭ⑀ 0 , where ⑀ 0 is the energy of the lowest Landau level and get
͑16͒
where ⑀ 0 ϩ2ϩaϭ␦ and ⌽ 0 ϭ2c/e*. Also we introduced the ultraviolate cutoff ⑀ . The advantage of this cutoff procedure is that the Green's function with the cutoff can be written as
The phase transition happens when the correlation length diverges, i.e., when ␦→0; therefore to find the phasetransition line we calculate the integrals in Eq. ͑16͒ for the case Tӷ␦ in which we have
where a* is the ''mass'' term a renormalized by the quantum fluctuations
and we introduced a notation for the dimensions perpendicular to x-y planes, d Ќ ϭdϪ2. One can see that in high dimensions d Ќ Ͼ4 the correction to the phase-transition line is analytical in T; therefore it does not change the mean-field result essentially. When 2Ͻd Ќ Ͻ4 the correction is nonanalytical. Substituting a*ϩ⑀ 0 ϳ⑀ 0 (HϪH c2 (0) *)/H c2 (0) for the last case we have 
where G is the Ginzburg number
Using Eq. ͑2͒ we can estimate G ϳk a /p F 2 S, where S is the area corresponding to the unit flux ⌽ 0 . By the order of magnitude Sϳ 2 , where is the coherence length. In case when G is small one can find the qualitative crossover line between the Gaussian region ͑where the u term is not important͒ and the non-Gaussian region ͑when it becomes important͒. In the Gaussian regime one can neglect the rhs. in Eq.
͑20͒ getting ␦Ϸa*ϩ⑀ 0 . The crossover line corresponds to the situation when the rhs of Eq. ͑20͒ becomes of the same order with the lhs, so that we have ␦ϳ(ͱ⑀ 0 G T)
where H cr is the magnetic field corresponding to the crossover from the Gaussian to the non-Gaussian regime. The fact that one cannot reach the ordered state going from the normal state gives us a hint that the transition to the ordered state is not continuous.
V. ORDERED STATE
We will solve Eqs. ͑11͒-͑13͒ under the approximation when the mean field 0 and the fluctuations around it belong to the lowest Landau level. Also, as usual, we will consider a lattice with the triangular symmetry. Therefore, following the Eilenberger notations, 8 we take 0 to be proportional to
where , are components of the vectors that determine the unit cell
In the above formulas we measure all distances in the distances between the vertices l, which are related to the magnetic field by
Applying the magnetic translation operator to Eq. we get
From the symmetry of this problem we expect that is a periodic function and ⌬ is a quasiperiodic one ͑that means periodic up to the phase͒; therefore the only matrix elements that are allowed by the translational symmetry are
Now we can find the eigenfunctions and the energy levels of Eq. ͑28͒: One can see that there are two energy branches that are denoted by the subscript Ϯ, and there are two eigenfunctions u and v for each energy level. The Green's function ͑13͒ can be expressed through these eigenfunctions:
͑38͒
where the index jϭϩ,Ϫ denotes the spectrum branch and sϭu,v denotes the type of function:
͑40͒
The prime to the integral in Eq. ͑38͒ denotes the integration over half of the unit cell. From the Goldstone theorem we expect a singularity in Eq. ͑38͒ at the minimal energy, i.e., E Ϫ (0,0,0)ϭ0. This condition is consistent with Eq. ͑12͒ if we take 0 ϭiͱbN͑r͉0͒, where b is a real positive number. Indeed, projecting Eq. ͑12͒ on the lowest Landau level we get
which is the same with E Ϫ (0,0,0)ϭ0. Now, to get a closed system of equations, we should take the matrix elements of Eq. ͑11͒. Using the addition theorem of the Eilenberger functions,
where is defined by Eqs. ͑23͒ and ͑26͒ with the difference r II ϭ 1 2 r II ; we get
where
From Eq. ͑43͒ one can see that ⌬ r is a linear combination of the functions *(r͉0) and *(r͉ from Eq. ͑43͒ we get two equations on ⌬ 1 ,⌬ 2 :
͑48͒
From the symmetry of the problem we expect that ⌬ r is not only quasiperiodic ͓which is evident from Eq. ͑46͔͒, but it is also quasisymmetric under rotations on /3. .
͑50͒
Finally we get the following system of equations:
where we introduced the following functions: 
VI. SOLUTION OF THE LARGE-N EQUATIONS IN HIGH DIMENSIONS
In high enough dimensions one can linearize Eqs. ͑51͒ and ͑52͒ expanding in ,⌬. This expansion is possible when either d Ќ Ͼ4,T 0 or d Ќ Ͼ2,Tϭ0. In these cases one can write
From Eqs. ͑51͒ and ͑52͒ we get
͑59͒
The first equation ͑58͒ can be solved immediately, giving
The second equation ͑59͒ can be solved by the Fourier transformation that we define as
K͑k͒, ͑61͒
where due to the periodicity of K(r) the vector k should have the following discrete values:
where n 1 ,n 2 are integers. The Fourier transformation of K(r) can be found analytically:
Defining the Fourier transformation for r by the same rule, from Eq. ͑59͒ we get
Substitution of Eqs. ͑60͒ and ͑65͒ with Eq. ͑54͒ gives the equation for the condensate density b:
͑66͒
Using this equation we can present the spectrum as
͑67͒
One can check that this spectrum is positive definite, which means that our solution is stable. The transition point can be found from Eq. ͑66͒ by taking bϭ0:
where a c means the critical value for a. The same result can be obtained from Eq. ͑16͒. We expect to have a nonzero b in the ordered state when aϽa c . But Eq. ͑66͒ has positive solutions for b ͑and b was chosen to be positive͒ only when the expression in the parentheses on the lhs of Eq. ͑66͒ is negative. Numerical calculation of this expression gives that it is negative only when
where ␤ c ϭ0.112. When the condition ͑69͒ is satisfied the condensate density b can have any small values as a function of a. Therefore in that case the phase transition is of second order. Note that the expansion ͑57͒ is valid only when ⌬,,bӶ⑀ 0 . When the phase transition is of second order this condition can be always satisfied if we are close enough to the phase-transition line. Therefore the absence of the solution when ␤Ͼ␤ c in fact means that the transition is not continuous.
Let us now summarize the results of this section where we were interested in the cases dϾ4,T 0 and dϾ2,Tϭ0:
When the interaction constant is not too strong ͓condition ͑69͔͒ the phase transition is of second order. If condition ͑69͒ is not satisfied, then the transition from the normal to the ordered states cannot be continuous.
VII. PHYSICAL CASE
Let us consider the physical case dϭ3(d Ќ ϭ1). Taking the integral over p Ќ and summing over in Eqs. ͑51͒ and ͑52͒ we get
.
͑74͒
It is convenient to introduce the following dimensionless variables:
where G is the Ginzburg number ͑21͒. In these new variables the equations do not contain G explicitly:
where kϭ1/(2ͱ3) is a numerical constant. Note that the third term on the rhs of Eq. ͑79͒ can be absorbed into renormalization of Ј and aЈ:
That corresponds to the renormalization of the external magnetic field by the quantum fluctuations as in Eq. ͑19͒. Equation ͑79͒ is an integral equation with the kernel
where k 1 ,k 2 were defined in Eq. ͑63͒. To simplify the problem we will take an approximate expression for this kernel leaving only zeroth and first harmonics:
͑81͒
where ␥ϭ4e Ϫ2/ͱ3 Ϸ0.1063. It seems to be a good approximation because the contribution from higher harmonics to Eq. ͑80͒ decreases exponentially with the harmonic order. For example, the contribution from the second harmonic is less then 0.1% of the first one. Presenting r Ј in the form PRB 59 3885 LARGE-N TREATMENT OF THE ABRIKOSOV . . . 
͑82͒
we get the following system of equations:
where s͑x,y ͒ϭcos 2 2y
͑88͒
Equation ͑87͒ follows from Eq. ͑54͒. Note that the spectrum ͑86͒ contains only ⌬Ј and 1 ; therefore, combining Eqs. ͑84͒ and ͑85͒ to get rid of bЈ on the right-hand sides we get a closed equation on ⌬Ј and 1 . Therefore taking a given ⌬Ј we can solve this equation for 1 . Then, knowing ⌬Ј and 1 we can find all the other parameters bЈ,aЈ, 0 . In Figs. 1-3 we present the graphs of 1 ,bЈ,aЈ as functions of ⌬Ј for different temperatures. Note that for large ⌬Ј the fluctuation contribution is small and one should have the mean-field results
One can see that the graphs on Figs. 1-3 begin to approach this asymptotics. Let us start the analysis of these graphs from the low-temperature case: One can see that aЈ first increases as ⌬Ј decreases ͑as one should expect from the mean-field theory͒, but then it decreases. The extremum point corresponds to the first-order phase transition.
At high temperatures the behavior is different: Going from large ⌬Ј we see that in this case first the condensate density bЈ becomes zero, and then we have an extremum in aЈ. In our approach it was chosen that bЈϾ0, therefore, the point bЈϭ0 corresponds to the first-order phase transition. We call this transition also a first-order one because it still discontinues in and ⌬. So, the transition is of the first order for all temperatures, but at low temperatures it corresponds to the extremum of aЈ, while at high temperatures it corresponds to depleting of the condensate density to zero. This change in the kind of the first-order phase transition takes place at TЈϭT*Ϸ2. 6 .
The phase transition curve that was obtained from the above criteria is a c Ј͑TЈ͒ϭh͑TЈ͒, 
where a* is a renormalized by quantum fluctuations ͑19͒. One can see that this curve scales with the Ginzburg parameter G . According to the form of Eq. ͑92͒ one can define two regimes: the low-temperature, quantum regime
and high-temperature, classical one,
Note that the quantum region extends as G increases. Asymptotically in the classical regime from Eq. ͑92͒ one gets
, ͑95͒
that agrees with the estimation ͑22͒.
VIII. LOW-ENERGY SPECTRUM
In this section we will show that the low-energy spectrum of fluctuations in our model is different from one which follows from the Eilenberger theory. In our model the Eilenberger result can be obtained if one neglects the terms on the lhs of Eqs. ͑51͒ and ͑52͒. These terms are small if we are not too close to the phase-transition line; nevertheless they always are not equal to zero, and as we will show they change the low-energy spectrum considerably. If we neglect the mentioned terms in Eqs. ͑51͒ and ͑52͒, then we have ⌬ϭbu, ͑96͒ r ϭbuK͑r͒, ͑97͒
and for the lower energy branch we get
where we used E Ϫ (0)ϭ0. It happens that if we expand this expression in powers of r, then the terms quadratic in r cancel each other and the expansion starts from the r 4 term E Ϫ ͑ r͒ϳr 4 . ͑99͒
This result leads to divergences; for example, the fluctuation contribution to the density in case dϭ3,T 0 is logarithmically divergent:
Also, the fluctuation correction to the conductivity has a logarithmic singularity. 10 The fact that there are infrared divergences means that one needs a more careful analysis of the infrared behavior of the model. The similar situation happens in the two-dimensional Bose gas at nonzero temperatures. The Bogoliubov approximation leads to the divergent fluctuation contribution to the density, but the careful analysis of the infrared behavior based on the effective low-energy functional leads to the theory without divergences. To the best of our knowledge the asymptotic behavior of the model under consideration was not found yet.
In our large-N model this problem does not arise because due to the fluctuation contribution the fine tuning between the particle-hole and particle-particle parts of the spectrum ( r and ⌬͉Q(r͉)͒ does not happen, and one expects that the leading term in the low-energy spectrum is r 2 :
In case of high dimensions one can see this explicitly from Eq. ͑67͒. And in the general case, one can see that the particle-particle and particle-hole parts of the spectrum are affected by the fluctuation terms in a different way and therefore we do not expect any fine tuning between these terms. We think that the result E Ϫ (r)ϳr 2 is specific for the large-N model, and the situation in the real model is much more complicated. Nevertheless, we think that the large-N model is a reasonable model for the description of the phase transition because the infrared properties seem to be irrelevant for the phase transition. Indeed, usually the infrared divergences are absent in the perturbation expansion for the physical quantities like free energy, density, etc. And it is enough to know the free energy to determine the kind of the phase transition and to find the phase-transition line.
IX. DISCUSSION AND CONCLUSIONS
We considered the effect of order-parameter fluctuations on the transition between normal and mixed superconducting states in pure superconductors. Our starting point was an effective functional of GL type. We showed that the coefficients in this functional are finite ͑i.e., this functional exists͒ in the quasi-two-dimensional situation, when the applied magnetic field is parallel to the low-conducting direction. This case is interesting from the point of view of high-T c superconductors because they have a quasi-two-dimensional band structure. We considered this functional in the large-N limit. One should be careful introducing the n index into the Lagrangian because the symmetry between the particle-hole and particle-particle channels is very important for this problem. Indeed, introducing the n index in the usual way, **→ n * n m * m ,
͑102͒
in the large-N limit one effectively drops out the particleparticle channel, and it leads to the model with an unstable spectrum of fluctuations. Therefore we introduce the n index in the following way: **→2 n * n m * m Ϫ n * n * m m . ͑103͒
The coefficients in the above formula can be found from the following consideration: The effect of fluctuations can be formally suppressed reducing the Ginzburg number. And in this limiting case the Eilenberger theory becomes exact. We want our large-N model to be as close to the real model as possible and therefore in the limiting case G →0 we should have the Eilenberger answer for the spectrum. This requirement uniquely defines the coefficients in Eq. ͑103͒.
To simplify the large-N equations we used the lowest Landau-level approximation that is valid when the order parameter is much smaller than ⑀ 0 , i.e., when we are not too far from the phase-transition line. These large-N equations can be easily solved in the case of high dimensions: either d Ќ Ͼ4,T 0 or d Ќ Ͼ2,Tϭ0. In these cases the transition was found to be of second order if the interaction constant is not too large. It is interesting to draw a parallel between our solution of the large-N model and the renormalization-group approach to the quantum critical phenomena problems. 11, 12 In our case the dynamical exponent zϭ2. Note that the magnetic field ''eats'' two dimensions; therefore the straightforward application of the results 11, 12 gives that the upper critical dimension at zero temperature is d Ќ ϭ4Ϫzϭ2, which agrees with our approach. The phase-transition line in the large-N limit was found to be
͑104͒
where H c2 (0) * is the mean-field upper critical field renormalized by the quantum fluctuations. In fact this result is more general than that of the large-N limit. Indeed, the difference between our model and the standard GL model ͑which was considered in Ref. 11͒ arises only when one considers the renormalization of u term. 5 But in the case under consideration the u term is irrelevant and therefore one should get the usual answer. Therefore the answer ͑104͒ should hold in the case Nϭ1, too.
